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Abstract
Let (G), ra(G) and ir(G) denote the domination, R-annihilation and irredundance numbers
of a graph G, respectively. Graphs whose blocks are claw-free are called CFB-graph. In this
paper we establish the best possible upper bounds on the ratios (G)=ra(G) and (G)=ir(G) in
the class of CFB-graphs. The CFB-graphs generalize several classes of graphs for which such
ratios have already been investigated. Motivated by our proof methods, we are led to introduce
a new family of domination parameters simultaneously generalizing the total domination and
k-domination numbers. For two integers, l¿0 and k ¿ 0 a set X of vertices of a graph G=(V; E)
is an l-total k-dominating set of G, if every vertex in X has at least l neighbors in X and every
vertex in V \ X has at least k neighbors in X . If (at least) one l-total k-dominating set exists,
then the l-total k-dominating number l;k(G) is the minimum cardinality of such a set. We prove
a best possible upper bound on the ratio (G)=1;2(G) in the class of CFB-graphs. Our bounds
on (G)=ra(G) and (G)=ir(G) for a CFB-graph G will follow as an application of this result.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
We consider simple and >nite graphs G = (V; E) with vertex set V and edge set
E. The degree, neighborhood and closed neighborhood of a vertex x in the graph G
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are denoted by d(x), N (x) and N [x] = N (x) ∪ {x}, respectively. For X ⊆V , we write
N (X ) =
⋃
x∈X N (x) and N [X ] = N (X ) ∪ X . The minimum degree of the graph G is
denoted by (G). The graph induced by X ⊆V is denoted by G[X ].
A set S ⊆V of pairwise nonadjacent vertices is called independent. A set S is
maximal independent, if there is no independent set S ′ = S with S ⊂ S ′.
For two sets X and S of vertices of G, we say that X dominates S (or S is dominated
by X ) if S ⊆N [X ]. We say that X is a dominating set, if N [X ] = V . The domination
number (G) is the minimum cardinality of a dominating set. Note that every maximal
independent set is also a dominating set. More generally, if every vertex of V \ X has
at least k neighbors in X , then X is a k-dominating set [7]. The minimum cardinality
of a k-dominating set of G is denoted by k(G).
The X -private neighborhood of a vertex x ∈ X ⊆V is the set N [x] \ N [X − {x}]
and its elements are the X -private neighbors of x. The set X is irredundant in G, if
all the X -private neighborhoods of vertices in X are nonempty. The irredundant set
X is maximal if X ∪ {v} is not irredundant for all v ∈ V − X and the minimum
cardinality of a maximal irredundant set is denoted by ir(G). Since every minimal
dominating set is also a maximal irredundant set, we have ir(G)6(G) for every
graph G.
For x∈X and v∈V \ X , v annihilates x (or x is annihilated by v), if the X -private
neighborhood of x is nonempty and is dominated by v. Observe that if v annihilates x,
then (informally) addition of v to X destroys (or annihilates) the X -private neighbor-
hood of x. For U ⊆V \X we de>ne X to be U -annihilated, if every u ∈ U annihilates
some x ∈ X . In what follows, we denote by R the set of the vertices not dominated
by X .
We can now state a necessary and suKcient condition for an irredundant set to be
maximal which was >rst explicitly expressed in [4]. The irredundant set X of G is
maximal if and only if X is N [R]-annihilated, that is if and only if every vertex in
N [R] dominates the X -private neighborhood of some vertex in X .
Since the proofs of several existing results about ir only require the R-annihilation
property and do not require N [R]-annihilation or irredundance, the same arguments
establish stronger results (see [3]) and the following parameter is thus motivated. We
say that a set X is an Ra-set if the set X is R-annihilated, and the minimum cardinality
of an Ra-set is denoted by ra(G). Since every maximal irredundant set is also an Ra-set,
we have ra(G)6ir(G) for every graph G and hence
ra(G)6ir(G)6(G):
Much work has been done on domination topics and many related concepts have
been studied. A good survey can be found in the recent and very complete book by
Haynes et al. [8], the bibliography of which contains more than 1220 titles.
We now specify the >rst aim of this article. In the >eld of domination in graphs,
one of the principal tasks is to compare all the known parameters. Here we especially
want to compare the two parameters ir and . Since one can easily >nd a family of
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graphs such that the diMerence − ir (always nonnegative) can be arbitrarily large, this
kind of studies bear on the ratio =ir (always greater than or equal to one).
Bounds on the ratios of some domination parameters have been established in various
classes of graphs. It is known [1,2] that (G)=ir(G)¡ 2 for any graph. Damaschke
[5] and Volkmann [12], respectively, proved that (G)=ir(G)¡ 3=2 in any tree and
(G)=ir(G)6 32 in any block graph and in any graph with cyclomatic number at most 2.
Later, V.E. Zverovich [13] obtained the bound 85 in the class of block-cactus graphs,
which was conjectured in [12]. Recently, it was proved in [6] that (G)=ir(G)6 32 for
every claw-free graph G.
A graph is claw-free if it does not contain any K1;3 as an induced subgraph.
The blocks of a graph G are its maximal 2-connected subgraphs and its cut-edges.
A CFB-graph is a graph all blocks of which are claw-free. Clearly, every 2-connected
CFB-graph is claw-free and every induced subgraph of a CFB-graph is again a
CFB-graph.
In this article, we study the behavior of the ratios =ir and =ra in the class of
CFB-graphs which generalizes the class of claw-free graphs and nearly all the classes
mentioned in the previous paragraph. More precisely, we prove that (G)=ra(G)6 74
for every CFB-graph G. Since ra(G)6ir(G) for every graph G, this also proves that
(G)=ir(G)6 74 for every CFB-graph G.
2. l-total k-dominating sets in graphs
Though our >rst aim was to >nd an upper bound on (G)=ir(G) for CFB-graphs,
during this work it became apparent that the 2-dominating sets D without isolated
vertices in G[D] play a particular role in our proofs. This led us to introduce a new
family of domination parameters simultaneously generalizing the total domination and
k-domination numbers.
Denition 2.1. For two integers l¿0 and k ¿ 0 an l-total k-dominating set of a graph
G = (V; E) is a set X of vertices of G such that every vertex in X has at least l
neighbors in X and every vertex in V \ X has at least k neighbors in X .
If an l-total k-dominating set exists, then (G)¿min{l; k}, since there is a vertex
of degree (G) belonging either to X or to V \X . Conversely, if (G)¿l, then l-total
k-dominating sets exist, since V is such a set. Hence for l6k, l-total k-dominating
sets exist if and only if (G)¿l. In the case k6(G)¡l, l-total k-dominating sets
may or may not exist.
When l-total k-dominating sets exist, the l-total k-dominating number l;k(G) is the
minimum cardinality of such a set. At each time we write l;k(G), we suppose that these
sets exist. A l;k -set is an l-total k-dominating set of cardinality l;k of G. With this
notation, 0;1(G) is the domination number (G), 0; k(G) is the k-domination number
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k(G), 1;1(G) is the total domination number and k;k(G) is the k-total domination
number as de>ned by Kulli in [9].
It is not our aim here to begin a systematic study of these parameters. Nevertheless,
we make some immediate observations.
Fact 2.2. If (G)¿max{l; k} for the graph G = (V; E) of order n; then l + 16
l;k(G)6max{n− (G) + l; n− (G) + k − 1}.
Proof: The lower bound is trivial. For the upper bound let X ⊆V be an arbitrary set
with |X |=max{n− (G)+ l; n− (G)+ k − 1} which implies |V \X |=min{(G)− l;
(G)− k+1}. Hence a vertex in X has at least (G)−|V \X |¿(G)− ((G)− l)= l
neighbors in X and a vertex in V \ X has at least (G) − (|V \ X | − 1)¿(G) −
((G)− k + 1− 1) = k neighbors in X . Therefore, X is an l-total k-dominating set of
G and l;k(G)6|X |.
Fact 2.3. If l;k(G) exists for the graph G = (V; E); then l′ ; k′(G) exists for every
l′6l; k ′6k; and l′ ; k′(G)6l;k(G)−min{l− l′; k − k ′}.
Proof: If X is a l;k -set and if Y ⊆X with |Y | = min{l − l′; k − k ′}, then X \Y is a
l′-total k ′-dominating set.
In particular, (G)61;2(G)−1 in any graph G. In Section 3, we will give an upper
bound on the ratio =1;2 in the class of CFB-graphs.
3. The ratio =l;k in CFB-graphs
In this section we prove that [(G)]=1;2(G)6 34 for every CFB-graph G. We begin
the section by proving preliminary results.
Lemma 3.1. Let X be a k-dominating set of a claw-free graph G=(V; E) and let D′
be a dominating set of G[X ]. Then there is a dominating set D of G with






k(G) + (k − 1)(G[X ])
k
:
Proof: For Q1=(V \X )\N (D′) let Q2 be a maximal independent set in G[Q1]. Assume
that two vertices q; q′ ∈ Q2 have a common neighbor x ∈ X . For c ∈ D′ ∩ N (x), the
graph G[q; q′; x; c] is an induced claw in G which is a contradiction. Hence no two
vertices in Q2 have a common neighbor in X and, since every vertex in Q2 has at
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least k neighbors in X , we obtain |Q2|6(|X | − |D′|)=k. Now, the set D = D′ ∪ Q2 is
a dominating set of G with
D′⊆D and |D|= |D′|+ |Q2|6 |X | − |D
′|
k
+ |D′|= |X |+ (k − 1)|D
′|
k
and the proof is complete.
We can deduce two corollaries from Lemma 3.1.
Corollary 3.2. If G is a claw-free graph; then
(i) (G)6 k+12k 1; k(G);
(ii) (G)6 3k+58k 3; k(G).
Proof: Let X be a minimum l-total k-dominating set of G with l = 1 or 3. In the
bound on (G) given in Lemma 3.1, we replace k(G) by its upper bound l;k(G). For
(G[X ]), we use the well-known bounds on the domination number for graphs with
minimum degree at least 1 or 3 (see [10,11]).
Denition 3.3. Let G be a graph. A star-subgraph is a partition S of V (G) such that
for every S ∈ S; |S| = 1 and G[S] contains at least one universal vertex (a vertex
that dominates G[S]). We say that S ∈S is a star, since G[S] has clearly a spanning
subgraph isomorphic to a star on at least two vertices. For a vertex v ∈ V (G), the star
in S that contains v will be denoted by Sv. In every star S ∈ S we >x one unique
center (one of the universal vertices of G[S], the choice of which may not be unique).
It is easy to see that every graph G with (G)¿1 has a star-subgraph.
Corollary 3.4. Let X be a 1-total 2-dominating set of a claw-free graph G and let
S be a star-subgraph of G[X ]. Let C be a set of centers of the stars in S. Then
there is a dominating set D of G with C ⊆D and |D|6 34 |X |.
Proof: In Lemma 3.1, choose for X a 1-total 2-dominating set of G, for D′ the set C,
and observe that |C|6|X |=2.
We are now able to prove the main result of this section.
Theorem 3.5. Let G=(V; E) be a CFB-graph with (G)¿1. Then (G)6 341;2(G).
Proof: Assume that the graph G is a counterexample of minimum order. Clearly, G
is connected. Let X be a 1;2-set of G and Q = V \ X .
Several times during the proof, we will construct graphs Gi on a subset of the
vertices of G that will satisfy the assumptions of the theorem and have smaller order
than G. (In Gi the sets X ∩ V (Gi) and Q ∩ V (Gi) will assume the roles of X and Q.)
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Hence they are not counterexamples and Di will always denote a dominating set of Gi
with |Di|6 34 |X ∩ V (Gi)|.
Claim 1. If three vertices y1; y2; y3 of X satisfy y1y2 ∈ E; y2y3 ∈ E and
y1y3 ∈ E and the graph G[X \ {y1; y2; y3}] has no isolated vertex; then y2 is a
cut-vertex of G.
Proof: Suppose to the contrary that y2 is not a cut-vertex of G. Let S be the set
{y1; y2; y3} and G1 be the graph G[V \ (S ∪ (N (S)∩Q))]. We have |D1|6 34 (|X | − 3).
(Note that if X={y1; y2; y3}, then G1 is empty and D1=∅.) Since y2 is not a cut-vertex
of G and G is a CFB-graph, all vertices in N (y2)∩Q are adjacent to at least one of
the two vertices y1 or y3. Hence the set D = D1 ∪ {y1; y3} is a dominating set of G
with |D|¡ 34 |X |, which is a contradiction.
By Corollary 3.4, the graph G is not 2-connected. Let B be an end-block of G, XB
be the set X ∩ V (B), QB be the set Q ∩ V (B) and " be the unique cut-vertex of B.
Since X is 1-total 2-dominating, we have |XB|¿2.
If " belongs to XB and is isolated in G[XB], then let SB be a star-subgraph of
G[XB \ {"}]. Otherwise, let SB be a star-subgraph of G[XB]. We assume that SB
contains the maximum number of stars. By this choice of SB, and since B is claw-free,
the stars of SB contain two or three vertices and their induced subgraphs are isomorphic
to K2, K3 or P3. For each vertex v in XB, let Sv denote the star in SB containing v, if
it exists.
Claim 2. The unique cut-vertex " of B does not belong to Q.
Proof: Assume that " ∈ Q. It is easy to see that " has a neighbor y in XB (otherwise
it is straightforward to obtain a contradiction by considering the smaller CFB-graphs
G[V (B) \ {"}] and G[V \ (V (B) \ {"})]).
Let G1 =G[V \ (V (B) \ {"})] and G′=G[V (B) \ {"}]. By Claim 1 and since G[Sy]
is isomorphic to K2; K3 or P3, we can assume, without loss of generality, that y is the
center of Sy. (Note that Sy cannot be isomorphic to P3 by Claim 1, since the cut-vertex
of B cannot belong to Sy only.) By Corollary 3.4, there is a dominating set D′ of G′
that contains y and such that |D′|6 34 |XB|. Now D=D1 ∪D′ is a dominating set of G
with |D|6 34 |X |, which is a contradiction.
Hence the unique cut-vertex " of B belongs to X .
Claim 3. The cut-vertex " is isolated in G[XB].
Proof: If this is not the case, then " belongs to the star S" of SB. Let G1 =
G[V \ (V (B) ∪ (N (") ∩ Q))]. By Claim 1 and since G[S"] is isomorphic to K2; K3
or P3, we can assume, without loss of generality, that " is the center of S". By
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Corollary 3.4, there is a dominating set D′ of G′ = B that contains " and such that
|D′|6 34 |XB|. Now D = D1 ∪ D′ is a dominating set of G with |D|6 34 |X |, which is a
contradiction.
By Claim 3, we have N (") ∩ X ⊆V \ V (B). Since X is a 1;2-set of G, " is the
only isolated vertex in G[XB]. Let C be a set of centers of the stars in SB. Then,
c = |C|6 12 (|XB| − 1). Let Q1 = QB \N (C ∪ {"}) and let Q2 be a maximal inde-
pendent set in G[Q1]. As in the proof of Lemma 3.1, no two vertices in Q2 have
a common neighbor in XB. Hence, q2 = |Q2|6 12 (|XB| − |C| − 1). Thus, c + q26 34
(|XB| − 1).
Claim 4. Q2 does not dominate XB \ (C ∪ {"}).
Proof: We assume that Q2 dominates XB \ (C ∪ {"}). Now, we show that C ∪ Q2
dominates V (B) \ {"}. If this is not the case, then there exists a vertex q ∈ QB \N [C∪
Q2]. Since q is adjacent to at least one vertex in XB \ {"}, there is a neighbor y1 of
q in XB \ (C ∪ {"}). Let y′1 be the center of the star in SB containing y1. Since Q2
dominates XB \ (C∪{"}), y1 must have a neighbor q′ in Q2. But then, G[{y1; y′1; q; q′}]
is a claw, which is a contradiction. Hence C ∪ Q2 dominates V (B) \ {"}. Let G1 be
the graph G[V \ (V (B) \ {"})]. The set D1 ∪ C ∪ Q2 is a dominating set of G of
cardinality
|D1 ∪ C ∪ Q2|6 34 (|X | − |XB|+ 1) + 34(|XB| − 1) = 34 |X |;
which is a contradiction.
By Claim 4, we have q26(|XB| − |C| − 2)=2 and so c + q26(3|XB| − 5)=4. Thus,
the set C ∪Q2 ∪{"} is a dominating set of B of cardinality c+ q2 + 16(3|XB| − 1)=4.
Claim 5. The set Z of isolated vertices in G[X \ XB] consists of exactly one
vertex z.
Proof: Assume that |Z | = 1. If |Z |¿2, let G1 be the graph which arises from
G[V \ (V (B) ∪ (N (") ∩ Q))] by joining all pairs of vertices in Z by a new edge.
If a block of G1 contains a claw, then this claw uses exactly one of the new edges
for otherwise it belongs to a block of G. Let G1[z; z′; q1; q2] be such a claw that
lies in one block of G1 such that zz′ is a new edge and q1; q2 ∈ N (z). Since z, z′, q1
and q2 lie in one block of G1, the vertices ", z, q1 and q2 lie in one block of G and
induce a claw in G which is a contradiction. Hence the graph G1 indeed satis>es the
assumptions of the theorem and we have a dominating set D1 with |D1|6 34 (|X |
− |XB|). If Z = ∅, we get the same result with G1 = G[V \ (V (B) ∪ (N (") ∩ Q))].
Now D = D1 ∪ C ∪ Q2 ∪ {"} is a dominating set of G with |D|6 34 |X |, which is
a contradiction.
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Proof (completion). Let G1 be the graph G[V \ (V (B)∪{z}∪ (N ({"; z}∩Q)))]. Now,
the set D1 ∪ C ∪ Q2 ∪ {"; z} is a dominating set of G of cardinality







which is a contradiction. This completes the proof of the theorem.
The bound in Theorem 3.5 is best possible as can be seen by the graph H with
vertex set V (H) = {yi | 16i64} ∪ {qi; j | 16i¡ j64} and edge set
E(H) = {y1y2; y3y4; q1;3q2;3; q2;3q2;4; q2;4q1;4; q1;4q1;3}
∪{qi; jyi; qi; jyj | 16i¡ j64}:
Clearly, H satis>es the assumptions of Theorem 3.5, 1;2(H)=4, and (H)=3=3=4 ·4.
Using H , it is easy to construct connected graphs of arbitrarily large order for which
the bound in Theorem 3.5 is attained.
4. An application: the ratios =ir and =ra in CFB-graphs
As an application of Theorem 3.5, we can now obtain best possible upper bounds
on the ratios (G)=ir(G) and (G)=ra(G) for CFB-graphs G.
Theorem 4.1. If G is a CFB-graph; then (G)=ra(G)6 74 .
Proof: Let X be an Ra-set of minimum cardinality of G = (V; E) and R = V \ N [X ].
We will prove the theorem by constructing a dominating set D of G with |D|6 74 |X |.
Let X0 be the set of isolated vertices in G[X ], X1 the set of vertices in X which are
annihilated by some vertex in R and X2=X \ (X0∪X1). Note that the vertices of X1∪X2
are not isolated in G[X1 ∪ X2]. For x ∈ X1, let B(x) be the X-private neighborhood of
x and R(x) be the set of vertices of R that annihilate x.
Claim: For x ∈ X1 either B(x) or R(x) induces a complete graph.
Proof: Assume that B(x) and R(x) do not induce complete graphs. Then yy′; rr′ ∈ E
for some y; y′ ∈ B(x) and r; r′ ∈ R(x). Since |B(x)|¿2, the graph G[{x}∪B(x)∪R(x)]
is 2-connected. Hence there is a block B of G that contains {x} ∪ B(x) ∪ R(x) and
G[x; y; r; r′] would be an induced claw in B, which is a contradiction.
We will now de>ne a mapping ) : X1 → V . If for x ∈ X1 the set B(x) induces
a complete graph, then )(x) = x′ for some x′ ∈ B(x). Otherwise, )(x) = x′ for some
x′ ∈ R(x). Set X ′1 ={)(x) | x ∈ X1}. Obviously, |X ′1 |6|X1| and since X is R-annihilated,
X ′1 dominates
⋃
x∈X1 B(x) ∪ R.
The set X1 ∪ X2 is a 1-total 2-dominating set in the CFB-graph
G′ = G[(V \ N [X0 ∪ X ′1 ∪ X2]) ∪ X1 ∪ X2]:
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Hence, by Theorem 3.5, there is a dominating set D′ of G′ with |D′|6 34 |X1 ∪ X2|.
Now, the set D = D′ ∪ X0 ∪ X ′1 ∪ X2 is a dominating set of G with
|D|6 34 (|X1|+ |X2|) + |X0|+ |X ′1 |+ |X2|6 34 |X |+ |X |6 74 |X |
and the proof is complete.
Corollary 4.2. If G is a CFB-graph; then (G)=ir(G)6 74 .
The bounds in the last two results are once again best possible. This can be seen
by modifying the graph H de>ned above. Let H ′ be the graph with vertex set
V (H ′) = V (H) ∪ {ai; bi | 16i64}
and edge set
E(H ′) = E(H) ∪ {yiai; aibi | 16i64}:
Clearly, H ′ is a CFB-graph, ra(H ′) = ir(H ′) = |{yi | 16i64}| = 4 and (H ′) =
|{yi | 16i63} ∪ {ai | 16i64}|= 7.
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